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I. INTRODUCTION 
Our objective is to provide conditions sufficient to guarantee the existence 
and stability of solutions to the nonlinear Banach space Volterra integral equa- 
tion: 
Our notation follows that of Hale [7] and Travis and Webb [lo]. X denotes 
a Banach space and W(t, S) is linear evolution operator mapping X to X. 
C = C([ -I, 01, X), r > 0, is the Banach space of continuous X-valued functions 
with supremum norm, /j . I& . F(., .) is a continuous function from R+ x C to X. 
If II is a continuous function from an interval [a - r, b] to X, then for t E [a, b], 
ut is that element of C having pointwise definition ~~(8) = u(t + 6) for 
B E [-Y, 01. If the linear evolution operator W(t, S) is generated by a densely 
defined linear operator --A(t) then Eq. (1.1) may be seen to be the integrated 
form of solutions to the abstract functional differential equation: 
fb) w = --A(t) 4d (t) - F(t, 47>), Q?J> = 9) E c. (1.2) 
In the autonomous case (i.e., A and F independent of t), our results may be 
obtained by the nonlinear semigroup approach of Travis and Webb [lo]; in 
[12], Webb treats an autonomous Hilbert space version of (1.2) with A nonlinear. 
Recently, Dyson and Bressan [4] allow A(t) to be nonlinear and treat a Hilbert 
space version of (1.2) by employing the product integral techniques of Crandall 
and Liggett [2] and Crandall and Pazy [3]. 
2. THE NONLINEAR EVOLUTION OPERATOR U(t, s) 
In this section we guarantee the existence of unique solutions to (1.1) and 
we define a nonlinear evolution operator U(t, S) which describes the action of 
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solutions to (1.1) on initial functions 9 E C and yields segments of the solution 
x(9)) (t). It is now convenient to make precise our notion of a linear evolution 
operator lV(t, 3). 
DEFINITION 2.1. A family of linear operators ( W(t, T) / 0 < r < t < oo> 
defined on a Banach space X is said to be a linear evolution system of type Eon X 
provided the following are true: 
(i) W(t, T) is jointly continuous in 7 and t, W(T, T) = I and 
W(t, s) W(s, T) = W(t, T) for 0 < 7 < s < t. 
Th ere exists a continuous real-valued function a( .) defined on Rf 
We have the following result for the existence and uniqueness of solutions 
to (1.1). 
PROPOSITION 1. Let { W(t, s) 1 0 < s < t} be a linear evolution system of type E 
on X and suppose that /?(*): R+ --f R+ and F(+, .): R+ x C -+ X are continuous 
and satisfy : 
II F(t> d - (W, 9>11 < P(t) II P - 16 Ilc for v, 4 E C. 
If v E C and 7 > 0, then there exists a unique x(v): [T - Y, a] -+ X which satisjes 
the following equations 
x(v) (4 = W> 4 ~(0) - j-’ W(t, 4% &J)) ds, t 2 -r T 
XT(P)) = P). (2.1) 
Indication of proof. We argue that for an arbitrary T > 7 a unique solution 
exists on [T - Y, T]. We define a sequence of functions xn: [r - Y, T] --f X 
inductively as follows: If t E [T - Y, TJ, let x”(t) = p(t) and for t > 7, let 
x0(t) = W(t, 7) v(O). Having defined x*(t) we define 
x”fl(t) = p)(t) for t E [r - Y, T], 
zzz Wk 4 ~4-4 - I’ Wt, 4% x,“) ds for t > 7. 
7 
Picard-type arguments can be utilized to establish that {a?} converges to a 
function x(v) (.) on [T - Y, TJ which p rovides a unique solution to (2.1). Since 
these arguments bear no essential difference from those of Travis and Webb. 
The reader is referred to [IO] for the details. 
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If IX(~) < 0 for t E [r, T] and supt+,r] - @(t&(t) < y and x(p)) and Y(#) 
satisfy (2.1) with initial histories v, 1,4 E C, then straightforward calculations 
vieId the inequality: 
esp 
(1 t 7 
- “(4 ds) II 44 (t) - YW (0 
:>. ’ II v - + 1:~ + It - ~4s) exp (is - 4~) d”) I/ X,(V) - yE((II)!Ic ds 
7 7 
for t E [T, T]. (2.2) 
At this point we associate a nonlinear evolution operator with solutions to 
(2.1). Let p E C and let X(F) (t) denote the solution having prescribed initial 
history X,(F) = F. We define 
WY 4 v = %b) for t > 7. (2.3) 
Thus, for 0 < 7 < t we see that U(t, T): C 4 C; examination of the integral 
equation yields the observations that U(t, S) U(s, T) F = U(t, r) v for 0 < T < 
s < t, and that U(T, T) = 1 on C. Continuity properties of U(t, T) may be 
deduced directly from the integral equation. 
3. STABILITY PROPERTIES OF u(t,S) 
This section contains our main results. The following simple application 
of Gronwall’s inequality provides a maximum principle which is crucial to our 
subsequent development. 
LEMMA 3.1. Suppose that f (.) is a continuous nonnegative function cm an 
interval [a, ZJ]. If t, denotes a maximum point off(.) on [a, b] and there exists a 
continuous nonnegative function g(.) on [a, b] such that 
(exp [y g(s) ds) f(h) G f(a) + 6” g(s) exp ( f’ A4 du) f(s) 6 (3.2) 
(1 
then f(a) = Su~~~r~,~lf(t). 
Proof. The assumptions on f( .) and g( .) and the fact that t, is a maximum 
point of f( .) on [a, b] ensure that if a < t < t, , then 
(exp jat” g(s) ds) f(h) - (exp jatg(s) ds) f(t) 
3 f(tJ ito g(s) exp (jas &4 du) ds 
>, l” g(s) exp (1‘ g(u) du) f(s) ds. d 
(3.3) 
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Subtracting inequality (3.3) f rom (3.2), we observe that for a < t < t,, we have 
Immediate application of Gronwall’s inequality yieldsf(t) < f(u) for a < t < t, 
and the desired result follows. 
We have the following result which guarantees the uniform stability of U(t, s). 
THEOFan 1. Let {w(t, s) j 0 < s < t} and F(., .) satisfy the conditions of 
Proposition 1 and suppose that for all t > 0, a(t) < 0 and sup,,, - P(t)/a(t) < 1. 
If U(t, T) denotes the nonlinear evolution operator associated with solutions to (2.1), 
then for t > T and F, 4 E C we have Ij U(t, T) 9 - U(t, T) 4 (lc < (/ v - 2/, IJc . 
Proof. We let x(y) (t) and ~(4) (t) satisfy (2.1) with initial functions x,(p) = 9) 
and y7(#) = $, respectively. We first argue that )/ xt(p)) - y,(#)ijC < 1) v - 4 I/= 
for t E [T, r + Y]. If there exists a t E [ 7, T + ~1, such that II %(v) -Y&% > 
II P - # I& , then SUP~A.~+~I II &d (t> - ~(4) (911 > II v - # IL . Let to be such 
that II x(v) (to> - ~(4) WI = SUP~~[~,~+~I II 44 (t> - ~(4) (t>l! . However, 
II 4~) (to) -Y(#) (t,)ll = II x&d - rt,(~Yl~ = SUP~~[~,~+~I II 44 - rtb411~ and 
(2.2) yields the inequality exp(.f> - 4s) ds) II it, - rt,(~)llc < I! P - # IIc + 
s> - 01(s) exp(Jz - 01(u) du) 1) X,(P) - y,(#)/l, ds. Lemma 3.1 now yields the 
immediate contradiction that for t < t, , 11 x~(F) - yt(#)l/c < 11 v - 4 I/e . That 
11 u(t, T) V - u(t, T> 4 llc < 11 V - 4 Ilc f or arbitrary t > 7 is easily obtained 
by repeated application of the fact that I/ U(t, T) - u(t, T) 4 IJC < 
/I u(t - 7, 7) ?’ - u(t - ‘., 7) ti I/c. 
We now show that under suitable conditions U(t, s) is asymptotically stable. 
THEOREM 2. Let {W(t, s) / 0 ,( s < t} and F(*, a) satisfy the conditions of 
Theorem 1. Further suppose that: 
(i) There is a h > 0 so that C,“=, exp(J$i$I+’ 01(s) ds) is convergent for 
each t,E[O,r+h]. 
(ii) sup -@(t)/a(t) < y < 1. 
Then there exists K > 0 so that for t - 7 > r + /\ we have: 
11 u(t, T> v - u(t, 7) # Ilc < K II v - (G lb exP(@?Z Y) / t - 7 I/Y i- A). (4.3) 
Proof, We return to inequality (2.2), apply Theorem 1 and integrate to 
observe that 
exp is t 7 - 4s) ds) II X(P)) (4 - YW @It 
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We thus conclude that /) x(p) (t) - y(#) (t)ii < )/ v - 4 Ilc [y + (1 - y) x 
exp jt or(s) ds] which implies that /j U(t, T) y - U(t, T) I/ jjc < ~~ v - 4 ‘Ic x 
(y + (1 - y) exp Jf’ 01(s) ds). At th’ 1s point the techniques of Dyson and 
Bressan [4] become applicable and we shall not reproduce the details of their 
estimation. A satisfactory constant K may be computed: 
We remark that condition (i) requires that s’ a(s) ds approaches --OO rapidly 
enough to insure that the infinite product (3.5) converges. This condition is 
satisfied if sup,~~,, J:‘” (Y(S) ds < 0 for some /\ > 0. 
A point x0 is said to be a rest point of a nonlinear evolution system 
(U(t, T) / 0 < 7 < t> if U(t, T) x0 = x0 for all t > 7 > 0. As an immediate 
consequence of Theorem 2 we have the corollary: 
COROLLARY 1. Let ( W(t, s) 1 0 < s < t} and F( ., .) satisfy the conditions of 
Theorem 2. If the nonlinear evolution system { U(t, s) 1 0 < s < t} has a rest 
point p)a , then for all q~ E C we have lim,,, U(t, s) v = q+, .
We remark that the { U(t, s) 1 0 < s < t> will have rest point 0 if F(t, 0) = 0 
for all t. 
4. EXAMPLE 
We conclude by briefly outlining an example which will hopefully illustrate 
the applicability of our material to partial functional differential equations. We 
consider a delay equation of the form 
v = i$, aij(t) s + iI hi(t) y 
+ c(t) u(x, t) +f(u(? t - r>>; 
(4-l) 
u(x, t) = P)(% t), --r<t<o, 
where x = (x,..., x,) E R”; aij(.), bi(.) and -c(.) are positive and continuous 
from R+ to R+, for each t the matrix [aii(t)] is positive definite and symmetric; 
and f(.) is a Lipschitz continuous scalar function. The analysis for the linear 
portion of (4.1) is due to Goldstein [6]. We set (4.1) in the Banach space of 
continuous functions that vanish at 00 and are equipped with the supremum 
norm. We formally define operators L(t) by the equation 
(L(t)) 4x1 = i &j(t) j$$$ + $ Ut) F + c(t) u(x) 
i,i=l 
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and we define a family of operators {A(t) 1 t 3 0} so that A(t)g = L(t)g for 
g E Cs2. In [6] it is shown that A(t) generates a linear evolution system 
(?V(t, T) IO < T < t} which provides solutions to the initial value problems 
dW(t, T) g/dt = A(t) W(t, T) g for g E Co2, t > 0. 
We define F(g)) (x) = f(cp(-r) (x)) for 9) E C, x E R”. We thus see that Eq. 
(2.1) provides solutions to the integrated form of (4.1) or in the terminology 
of Browder [I] guarantees mild solutions to (4.1). Stability properties for (4.1) 
may be obtained by further specifying the relationship between c(t) and the 
Lipschitz constant of the function f(.). 
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